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Abstract
The eccentricity e(v) of v is the distance to a farthest vertex from v. The diameter diam(G)
is the maximum eccentricity among the vertices of G. The contraction of edge e = uv in G
consists of removing e and identifying u and v as a single new vertex w, where w is adjacent
to any vertex that at least one of u or v were adjacent to. The graph resulting from contracting
edge e is denoted G=e. An edge e is diameter-essential if diam(G=e)¡ diam(G). Let c(G)
denote the number of diameter-essential edges in graph G. In this paper, we study existence
and extremal problems for c(G); determine bounds on c(G) in terms of diameter and order; and
obtain characterizations of graphs achieving extreme values of c(G).
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G be a connected graph with vertex set V (G) and edge set E(G). The distance
d(u; v) between vertices u and v is the length of a shortest path joining u and v. The
eccentricity e(v) of v is the distance to a farthest vertex from v. The radius rad(G)
and diameter diam(G) are the minimum and maximum eccentricities, respectively. The
center C(G) and periphery P(G) of graph G consists of the sets of vertices of mini-
mum and maximum eccentricity, respectively. Vertices within C(G) are called central
vertices, and those within P(G) are peripheral vertices. An elementary contraction of
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Fig. 1.
edge e= uv in G is obtained by removing u and v, inserting a new vertex w, and
inserting an edge between w and any vertex to which either u or v (or both) was
adjacent. The graph resulting from such contraction is denoted G=e.
If a graph G has a particular property, P, and a contraction is performed, the graph
G=e may or may not have property P. We illustrate this concept in Fig. 1. If P is the
property of being bipartite, then G=e1 does not have property P, whereas G=e2 does.
If P is the property diameter stability, then G=e1 has property P, while G=e2 does not
since diam(G)= diam(G=e1)= 5, but diam(G=e2)= 4. If G=e has some property P for
all edges e in G, then we say that G=e preserves property P. It is well known, for
example, that G=e preserves planarity.
Denition 1. An edge e in a graph G is said to be an essential edge in G, with respect
to property P, if G=e does not possess property P; otherwise, edge e is non-essential.
In view of DeBnition 1, all edges in graph G of Fig. 1 are essential with respect to
the property of being bipartite except edge e2. In this paper, we are concerned instead
with the property P of diameter stability. That is,
P: diam(G=e)= diam(G):
In previous works, researchers have studied diameter alteration from the perspective
of either adding edges [3,8] or deleting edges [4,7,10]. The resulting graphs were
the diameter-maximal and diameter-minimal graphs, respectively. In this paper we
are beginning the study of diameter alteration from the perspective of edge contrac-
tion. An edge e in a graph G is said to be diameter-essential, or simply essential
if diam(G=e)¡diam(G); otherwise, edge e is non-essential. This concept is well de-
Bned since diam(G=e)6diam(G) for every edge e in G. We now introduce a new
graph-theoretic parameter, c(G), the number of essential edges in G. That is,
c(G)= |{e∈E(G): diam(G=e)¡diam(G)}|:
Clearly, from the deBnition of c(G), one can see that 06c(G)6q, where q is the
number of edges in G. In this paper, we show the existence of graphs G with given
value c(G), and give bounds on c(G) in terms of the order and diameter of G. Finally,
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we study extremal graphs for c(G). Among other things, we characterize graphs G of
diameter at most three for which c(G)= q, and characterize trees T for which c(T )= 0.
2. Existence and bounds
In this section, we show precisely when there exists a graph G with given number
of edges and given value of c(G). We then obtain a tight upper bound for c(G) in
terms of order and diameter. First, we need two deBnitions. Suppose that A and B are
graphs with u∈V (A) and v∈V (B). Then the coalition of u with v is an identiBcation
of those two vertices so as to produce a new graph G consisting of (A− u)∪ (B− v)
together with a new vertex w that is adjacent to all of the former neighbors of u and
of v. The most common instances of this operation are the attachment of a pendant
edge or, more generally, a pendant path where one endvertex of the path is identiBed
with a speciBc vertex in some graph. As described in Buckley and Harary [1, p. 26],
the sequential join G1 + G2 + · · · + Gn of graphs G1; G2; : : : ; Gn is the graph formed
by taking one copy of each of the graphs G1; G2; : : : ; Gn and adding additional edges
from each vertex of Gi to each vertex in Gi+1, for 16i6n− 1.
Proposition 2.1. For any pair of integers n and q satisfying 06n6q, there exists
a graph G with q edges for which c(G)= n except for n= q − 1 when 16q64;
q=2; n=0; and q=3; n=1.
Proof. It suGces to consider only connected graphs. Suppose that 06n6q. First con-
sider q64. There are only eleven connected graphs to consider in this case: the paths
P1 through P5, the graphs K3; K1;3; K1;4 and C4, and the sequential joins K1+K1+K2 (a
triangle with a pendant edge) and K1+K1+K1+ IK2 (the coalition of one endpoint of P3
with the center of a second P3). For n= q, Pn+1 is the appropriate graph. When q=1,
P2 is the only connected graph, but c(P2)= 1. Thus q=1, n=0 is impossible. When
q=2, P3 is the only connected graph. Thus, q=2, n=0 and q=2, n=1 are impossi-
ble. When q=3, the only connected graphs are K1;3, K3, and P4. c(P4)= c(K3)= 3 and
c(K1;3)= 0, so q=3; n=1 and q=3; n=2 are impossible. When q=4: c(K1;4)= 0,
c(K1 +K1 +K2)= 1, c(K1 +K1 +K1 + IK2)= 2, and c(P5)= c(C4)= 4. Since, all con-
nected graphs with four edges have been accounted for q=4; n=3 is impossible.
Examining all cases, we see that the impossible cases are n= q − 1 when 16q64;
q=2; n=0; and q=3; n=1.
Now, suppose that q¿5. We separate this into three cases: (1) n¡2, (2) n¿2 and
q− n61, and (3) n¿2 and q− n¿2.
Case 1: Suppose that q¿5 and n¡2. For q odd, use Cq for n=0 and use the
coalition of a vertex of P2 with any vertex of Cq−1 for n=1. For q even, use K1; q for
n=0 and use the double star S2; q−3 = IK2 + K1 + K1 + IKq−3 for n=1.
Case 2: Suppose that q¿5, n¿2 and q−n61. For q−n=0, use Pn+1. For q−n=1,
use the graph G formed in the coalition of a vertex of degree two in P4 with an
endvertex of Pq−2. It is easy to verify that c(G)= q− 1= n.
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Case 3: Suppose that q¿5, n¿2 and q − n¿2. Let G be the graph formed in
the coalition of the central vertex of K1; q−n with an endvertex of Pn+1. The only
edges that alter the diameter by contraction are the n edges of the path Pn+1, so
c(G)= n.
We shall now proceed toward obtaining a bound on c(G) in terms of the order of
the graph and its diameter. But Brst we need a deBnition and a lemma. A composition
of a positive integer n is an ordered partition (a1; a2; : : : ; ak) where ai ∈N and a1 +
a2 + · · · + ak = n. Note that (3; 4; 1) and (4; 1; 3) are distinct compositions of 8. The
terms of the composition are called parts.
Lemma 2.2. Let n be a positive integer where n¿2. Then among all compositions of
n into at least two parts, the one that maximizes S =
∑k−1
i=1 ai ·ai+1 is the composition
(n=2	; 
n=2).
Proof. First, we show that if a composition of n has k parts, where k¿4, then there
is always a composition of n having k − 1 parts with a larger sum S. Then we shall
handle the case where the composition of n has less than four parts.
Consider a composition (a1; a2; : : : ; ak) of n, where k¿4. Let a∗= min{ai}. We
deal separately with two cases (1) a∗ occurs in position 1 or in position k in the
composition, or (2) a∗ occurs at some other (internal) position.
Case 1: Without loss of generality, we may assume that a∗ occurs in position 1.
Then S =
∑k−1
i=1 ai ·ai+1 = a∗a2+a2a3+a3a4+· · ·+ak−1ak . Then using the composition
(a2; a∗ + a3; a4; : : : ; ak) having k − 1 parts instead, we obtain the new sum
S ′ = a2(a∗ + a3) + (a∗ + a3) · a4 + · · ·+ ak−1ak
= a∗a2 + a2a3 + a∗a4 + a3a4 + · · ·+ ak−1ak = S + a∗a4:
Thus S ′¿S. So the new composition with fewer parts produces a larger sum.
Case 2: Here a∗ occurs at an internal position of the composition, so without loss of
generality, assume that a∗ occurs in position 2. Then S =
∑k−1
i=1 aiai+1 = a1a
∗+a∗a3 +
a3a4 + · · ·+ ak−1ak . Then using the composition (a1; a∗ + a3; a4; : : : ; ak) having k − 1
parts instead (combine a∗ with an adjacent internal part), we obtain the new sum
S ′ = a1(a∗ + a3) + (a∗ + a3)a4 + · · ·+ ak−1ak
= a1a∗ + a1a3 + a∗a4 + a3a4 + · · ·+ ak−1ak = S + a1a3 + a∗a4 − a∗a3
= S + a∗a4 + a3(a1 − a∗):
But a1¿a∗, so S ′¿S. Hence the new composition with fewer parts produces a larger
sum.
Clearly, if we start with a composition having k¿4 parts, we can iterate the process,
using the shorter composition of either case 1 or case 2, as appropriate, until we arrive
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at a composition having just three parts. So now we show that if a composition has
three parts, we can use a composition that has just two parts and achieve a sum S ′
that is at least as large as S. If n=2 then a composition having at least two parts has
exactly two parts. So assume that n¿3, and consider a composition (a1; a2; a3) of n.
Then S = a1a2 + a2a3. Form a new composition having just two parts by keeping a
largest part, say a3 isolated and combining the other two. Thus we get (a1 + a2; a3)
where a3¿a1 and a3¿a2. Then S ′=(a1 + a2)a3 = a1a3 + a2a3¿a1a2 + a2a3 = S since
a3¿a2. We have now shown that there is always a composition of n having two parts
for which the sum S is at least as large as any composition of n having more than
two parts. Finally, it is well known that among all partitions of a positive integer n
into two parts a and b, the maximum possible product is achieved when a and b are
as close to being equal as possible. Thus, an optimal composition for maximizing S is
(
n=2; n=2	).
Now we recall a little notation. A graph with p vertices and q edges is called a
(p; q)-graph. For any set S of vertices in G, the induced subgraph 〈S〉, is the maximal
subgraph of G on vertex set S. Thus V (〈S〉)= S, and the edge set E(〈S〉) consists
precisely of every edge of G that joined a pair of vertices of S.
Theorem 2.3. For any (p; q)-graph G of diameter d, the number of essential edges is
bounded as follows:
(1) c(G)=d= q if p=d+ 1,
(2) c(G)= 0 if d=1 and p =2,
(3) c(G)62p− 4 if d=2, and
(4) c(G)6
p−d+32 p−d+32 	+ d− 4 if p¿d+ 2 and d¿3.
Proof. Let G be a (p; q)-graph of diameter d. First, if p=d+ 1, then G=Pp−1 =Pd
and all edges are essential, so c(G)=d= q. A special case of this occurs when d=1,
in which case, p=2 and c(G)= 1. This is the exceptional case for (2). In case (2),
G=Kp where p =2. No matter which edge one contracts, the diameter is unaJected,
so c(G)= 0.
Suppose that d=2. Then the maximum number of essential edges is achieved with
a pair of mutually eccentric vertices u and v, both adjacent to p − 2 other mutually
adjacent vertices. To see this, note that when d=2, the contraction of an essential
edge e must make diam(G=e)= 1. But this means that G=e=Kp−1. If d(u; v)= 2, e is
essential, and e is incident with u, then v must be adjacent to all of V (G) − {u; v}
in order for G=e=Kp−1. Also, contraction of e can only increase adjacencies within
V (G) − {u; v} between those vertices and w where w is the endvertex of e within
V (G) − {u; v}. Furthermore, contraction of an edge within 〈V (G) − {u; v}〉 would
have no eJect on d(u; v), so those edges are all non-essential. Thus, the maximum
number of essential edges is obtained when u and v are both adjacent to all ver-
tices of V (G) − {u; v}. Any edge joining two of the p − 2 other vertices would be
non-essential, but contracting an edge incident with u or v alters the diameter, so
c(G)62p− 4.
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Now consider the case where p¿d + 2, d¿3. For a vertex v, its ith neighbor-
hood is Ni(v)= {u∈G: d(u; v)= i}, so N0(v)= {v}. Let v be a peripheral vertex of G.
Then the sets N0(v); N1(v); N2(v); : : : ; Nd(v) form a partition of V (G). Let |Ni(v)|= ni,
the number of vertices at distance i from v. Clearly, for all edges e in 〈Ni(v)〉,
diam(G=e)= diam(G), that is, such edges are non-essential. So the only edges that
can be essential in G are edges that join a vertex of Ni(v) to a vertex of Ni+1(v). To
pack in as many essential edges as possible for a given number of vertices, v should
have only one eccentric vertex v′. Otherwise, an edge adjacent to one of the eccentric
vertices could be contracted without aJecting the diameter. Additionally, we should put
in an edge from every vertex in Ni(v) to every vertex in Ni+1(v) since the contraction
of any such edge will decrease the diameter. Thus, the number of essential edges in
G will be S =
∑d−1
i=0 nini+1 where
∑d
i=0 ni =p. We are trying to maximize the sum S
for a composition of p. Since G has diameter d, we have a path of length d joining
v and v′. This uses up d+ 1 vertices. Then to maximize the sum S =
∑d−1
i=0 nini+1, it
follows from Lemma 2.2 that we must divide the remaining p − (d + 1) vertices as
evenly as possible, so that besides the current single vertex at each of two successive
internal distances from v we have an additional
⌈
p− (d+ 1)
2
⌉
and
⌊
p− (d+ 1)
2
⌋
vertices, respectively. Without loss of generality, we may assume that those extra ver-
tices are placed at distance one and two from v. Then
n1 = 1 +
⌈
p− (d+ 1)
2
⌉
=
⌈
p− d− 1 + 2
2
⌉
=
⌈
p− d+ 1
2
⌉
;
n2 = 1 +
⌊
p− (d+ 1)
2
⌋
=
⌊
p− d− 1 + 2
2
⌋
=
⌊
p− d+ 1
2
⌋
:
Each vertex in Ni is joined to every vertex in Ni+1. Edges between Ni and Ni+1 are
essential and edges within a given 〈Ni〉 are non-essential. Thus, the maximum number
of essential edges is
⌈
p− d+ 1
2
⌉
+
⌈
p− d+ 1
2
⌉⌊
p− d+ 1
2
⌋
+
⌊
p− d+ 1
2
⌋
+ d− 3;
(see Fig. 2).
Fig. 2.
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Factor the common factor from the Brst two terms, while adding one to the last
rounded fraction and subtracting one from d− 3 to get
⌈
p− d+ 1
2
⌉(
1 +
⌊
p− d+ 1
2
⌋)
+
⌊
p− d+ 1 + 2
2
⌋
+ d− 3− 1
=
⌈
p− d+ 1
2
⌉⌊
p− d+ 3
2
⌋
+
⌊
p− d+ 3
2
⌋
+ d− 4
=
⌊
p− d+ 3
2
⌋(⌈
p− d+ 1
2
⌉
+ 1
)
+ d− 4:
=
⌊
p− d+ 3
2
⌋⌈
p− d+ 3
2
⌉
+ d− 4:
Remark. The bounds on c(G) in Theorem 2.3 are tight. For (4), the bound is attained
by the sequential join
G=K1 + IK p−d+1
2
 +
IK p−d+1
2
 + K1 + · · ·+ K1;
where there are a total of d− 3 K1’s.
3. Graphs for which every edge is essential
In this section, we prove results concerning graphs for which every edge is essential,
that is, graphs G with c(G)= q. Vertex u is an eccentric vertex of v if d(u; v)= e(v),
that is, u is a farthest vertex from v. Eccentric sets of vertices were studied in [2]. A
diametral path is a geodesic joining a peripheral vertex to one of its eccentric vertices.
Thus, a diametral path is a geodesic of length diam(G).
Proposition 3.1. If G has a unique diametral path and c(G)= q, then G=Pq+1.
Proof. Suppose that a unique diametral path joins u and v, and G is not a path. Then
there exists at least one vertex u′ on P with degree at least three. Let v′ be a neighbor
of u′ not on P. Note that such a vertex v′ must exist, because if all neighbors of u′ were
on P, then deg(u′)¿3 would imply the existence of a path shorter than P joining u and
v. Clearly, contracting edge u′v′ does not alter the diameter, which implies c(G)¡q,
a contradiction. Hence, G=Pq+1.
Proposition 3.2. If c(G)= q, then G is bipartite.
Proof. Suppose to the contrary that G contains an odd cycle C. Then, since c(G)= q,
every edge of C must lie on some diametral path of G. Otherwise, if some e∈C were
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on no diametral path, then contracting e would not alter the diameter, contradicting
c(G)= q. Let P1 be a maximum-length subpath of C contained in some speciBc di-
ametral path P, and let P2 be the remaining subpath of C. Then the lengths ‘ of the
paths P1 and P2 satisfy ‘(P1)¡‘(P2), or one would use P2 instead of P1 to obtain
a shorter path than P which is a geodesic. Thus, contracting an edge of P2 does not
alter the diameter, contradicting c(G)= q. Thus, G contains no odd cycle, so G is
bipartite.
Proposition 3.3. For any graph G, if c(G)= q, then any pair of diametral paths of
G contain at least two vertices in common.
Proof. Suppose to the contrary that P and P′ are distinct diametral paths in G and
|V (P)∩V (P′)|61. Then P and P′ have at most one vertex in common, so contracting
an edge on P does not alter the length of P′, nor the diameter of G, contradicting
c(G)= q. Hence, |V (P)∩V (P′)|¿2, that is, any pair of diametral paths have at least
two vertices in common.
Proposition 3.4. For any graph G, if c(G)= q, then each cutvertex of G lies on every
diametral path of G.
Proof. Suppose to the contrary that v is a cutvertex of G, and P is a diametral path
that does not contain v. Let P1 be a shortest path between v and a nearest vertex u
on P. Let w be the neighbor of u on P1. Then contracting edge uw does not alter the
diameter of G, thereby contradicting c(G)= q. Thus each cutvertex of G lies on every
diametral path of G.
In Proposition 3.2, we saw that odd cycles are a class of forbidden subgraphs
for graphs with c(G)= q. We now introduce another class of graphs Fk , which are
also forbidden subgraphs for graphs with c(G)= q as will be shown in Lemma 3.6.
First recall that a block is a maximal connected subgraph without cutvertices (see
[5, p. 26]).
Denition 3.5. A graph Fk is said to be a =ower with k petals if Fk is composed of k
blocks B1; B2; : : : ; Bk such that all blocks have precisely one common
vertex.
Lemma 3.6. If c(G)= q, then G does not contain Fk as an induced subgraph for
k¿3.
Proof. Suppose to the contrary, that G contains Fk as an induced subgraph with k¿3.
Then the common vertex v of the blocks of Fk is a cutvertex, so since
c(G)= q, Proposition 3.4 implies that v appears on every diametral path of G.
Since k¿3, at least one edge incident with v may be contracted without altering the
diameter of G, contradicting c(G)= q. Hence, G does not contain Fk as an induced
subgraph for k¿3.
H.B. Walikar et al. / Discrete Mathematics 259 (2002) 211–225 219
Theorem 3.7. For any graph G, if c(G)= q, then every cutvertex of G lies on precisely
two blocks.
Proof. If some cutvertex v of G lies on more than two blocks, then G would contain
Fk as an induced subgraph with k¿3, contradicting Lemma 3.6. Thus, each cutvertex
of G lies on precisely two blocks when c(G)= q.
The converse of Theorem 3.7 does not hold. A counterexample is the graph G having
six vertices and six edges consisting of C4 with a pendant edge at each of two adjacent
vertices x and y on C4. Then the cutvertices x and y each lie on precisely two blocks,
diam(G)= 3, diam(G=xy)= 2, but for all edges e = xy we have diam(G=e)= 3. Thus
c(G)= 1 = q=6.
Remark. From Theorem 3.7, if G is a graph with c(G)= q and G has t cutvertices,
then every cutvertex lies on exactly two blocks, since otherwise G would contain a
forbidden-induced subgraph F3. Now, since those t cutvertices each lie on exactly two
blocks and G is connected, G has precisely t+1 blocks. Furthermore, we can label the
cutvertices v1; v2; : : : ; vt and the blocks B1; B2; : : : ; Bt+1 such that vi lies on blocks Bi and
Bi+1 for 16i6t. So G consists of a string of blocks B1; B2; : : : ; Bt+1 with consecutive
blocks Bi and Bi+1 having just vi in common. Since, c(G)= q, every diametral path
contains all cutvertices, so all peripheral vertices of G lie entirely within B1 and Bt+1,
which each contain at least one peripheral vertex. We now show that there is exactly
one peripheral vertex within each of B1 and Bt+1. Let u be a peripheral vertex in B1
and let u′ be an eccentric vertex of u in Bt+1 with P a diametral u − u′ path. Then
d(u; u′)= ‘(P)= e(u)= e(u′)= diam(G). Suppose that w∈Bt+1 is also a peripheral
vertex. Then there is a path P1 from u′ to w within Bt+1, and at least one edge e
of Bt+1 is not on P. Then contracting e does not aJect P, so diam(G=e)= diam(G),
contradicting c(G)= q. Thus Bt+1 has just one peripheral vertex. By a similar argument,
u is the unique peripheral vertex in B1. Therefore, P(G)= {u; u′} and the structure of
G is as displayed in Fig. 3.
We now consider graphs without cutvertices. Recall that a non-separable graph is
a connected non-trivial graph without cutvertices. The main diJerence that occurs for
a nonseparable graph G where c(G)= q is that it may have many peripheral vertices;
however, they come in pairs as indicated in the following.
Theorem 3.8. If c(G)= q, then each peripheral vertex of G has a unique eccentric
vertex.
Fig. 3. The structure of graphs with c(G)= q.
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Proof. Suppose to the contrary that some u∈P(G) has at least two eccentric vertices,
say v1 and v2. So d(u; v1)=d(u; v2)= diam(G). Denote the diametral u− v1 and u− v2
paths by P1 and P2, respectively. Then v2 =∈P1 or we would have d(u; v2)¡diam(G).
Then contracting any edge incident with v2 does not aJect the diameter, so c(G) = q,
a contradiction. Thus, each peripheral vertex of G has a unique eccentric vertex.
The converse of Theorem 3.8 does not hold. For example, if G is the octahedron,
then G is an antipodal graph. So P(G)=V (G) and every vertex in G has a unique
eccentric vertex. But no edge in G is essential, that is, c(G)= 0 not q.
4. Graphs with c(G ) = q for small diameter
In this section, we consider graphs of small diameter and characterize graphs G
with diameter at most three for which c(G)= q. First, note that if diam(G)= 1 then
G=Kn, where n¿2, and Kn=e=Kn−1 for all e∈Kn. Thus diam(G)= 1 and c(G)= q
if and only if G=K2.
Proposition 4.1. Graph G satis>es diam(G)= 2 and c(G)= q if and only if G=P3
or G=C4.
Proof. If diam(G)= 2 and c(G)= q, then diam(G=e)¡diam(G) for all e∈G. This
implies that diam(G=e)= 1, so G=e=Kp−1, where p is the order of G. Let e= uv be
an edge of G such that all p − 2 vertices other than u and v are adjacent to u or v.
Those p − 2 vertices induce a complete subgraph in G since G=e=Kp−1. But since
c(G)= q, by Proposition 3.2, G is bipartite. So G has no triangle. But since there is a
complete subgraph on p− 2 vertices and no triangle, we must have p− 262, and no
vertex is adjacent to both u and v. So the only options are p − 2=2, in which case
G=C4; or p−2=1 in which case G=P3. (Note: p−2=0 would imply that G=K2
which does not have diameter 2, so is eliminated.) The converse is obvious.
Theorem 4.2. Graph G has diameter 3 and c(G)= q if and only if either
(1) G=P4,
(2) G=K1 + K1 + IK2 + K1 (=C4 with a pendant edge), or
(3) G=K1 + IKm ∗ IKn + K1, where m¿2 and n¿2, the >rst K1 is adjacent to each
vertex of IKm, the last K1 is adjacent to each vertex of IKn, and IKm ∗ IKn is a
bipartite graph with each vertex in the IKm adjacent to at least n− 1 vertices of
IKn and each vertex in IKn adjacent to at least m− 1 vertices of IKm.
Proof. (⇒) Suppose diam(G)= 3 and c(G)= q. If G contains cutvertices, then it is
not diGcult to verify that either (1) or (2) holds. Thus suppose that G contains no
cutvertices. Let P= u; u1; v1; v be a diametral path. So d(u; v)= 3.
Claim 1. Every vertex in G − {u; v} is adjacent to precisely one of u or v.
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Clearly, no vertex z is adjacent to both u and v since otherwise u; z; v would be a
path of length two joining u and v, contradicting d(u; v)= 3. Now, let us partition the
set of vertices V (G)− {u; v} into three disjoint sets:
N (u)=N1(u)= {ui: uui ∈E(G)};
N (v)=N1(v)= {vi: vvi ∈E(G)};
IN (u; v)= {wi: wi is adjacent to neither u nor v}:
To prove the claim, we show that IN (u; v)= ∅. Suppose not. Then there exists a ver-
tex wi ∈G that is adjacent to neither u nor v. Since G is connected, there exists a
u − wi and a v − wi geodesic in G, each of length at least two. Let e be an edge
incident with wi. Contracting e has no eJect on a geodesic joining u and v. Thus
diam(G=e)= diam(G)= 3, contradicting c(G)= q. Thus IN (u; v)= ∅, so every vertex in
G − {u; v} is adjacent to precisely one of u or v.
Claim 2. Vertices within each of the sets N (u) and N (v) are mutually non-adjacent.
Suppose not. Then for one of the sets, say N (u), there exists an edge e∈ 〈N (u)〉,
whose contraction does not alter the diameter. Thus we have the same contradiction
as in Claim 1.
Claim 3. Every vertex of N (u) is adjacent to at least |N (v)| − 1 vertices of N (v),
and every vertex of N (v) is adjacent to at least |N (u)| − 1 vertices of N (u).
Clearly, every vertex of N (u) is adjacent to at least one vertex of N (v), and vise
versa; otherwise diam(G)¿4. From Claim 2, we know that the vertices of N (u) are
mutually non-adjacent as are those in N (v). Suppose there exists a vertex vi ∈N (v)
adjacent to ui but, contrary to Claim 3, vi fails to be adjacent to at least two of the
vertices of N (u), say uj and uk . Then by contracting e= uuj the path P∗= viuiujuk is a
geodesic of length three in G=e, so diam(G=e)= 3=diam(G), contradicting c(G)= q.
Thus each vi ∈N (v) can fail to be adjacent to at most one vertex of N (u). The proof
for vertices in N (u) is analogous.
(⇐) Let G be one of the graphs listed in (1), (2), or (3). In case G=P4 or
G=K1 + K1 + IK2 + K1, it is easy to verify that diam(G)= 3 and c(G)= q. If instead
(3) holds, that is, G=K1 + IKm ∗ IKn + K1 with adjacency restrictions as described in
(3), then diam(G)= 3. If e= uui then diam(G=e)= 2, if e′= uivj then diam(G=e′)= 2,
and if e′′= vvj then diam(G=e′′)= 2. Since each edge in G is of the form e, e′, or e′′,
diam(G)= 3 and c(G)= q.
5. Graphs with c(G ) = 0
In this section, we consider the graphs G achieving the extreme value c(G)= 0.
Here, we determine properties of such graphs, and we characterize trees for which
c(G)= 0.
222 H.B. Walikar et al. / Discrete Mathematics 259 (2002) 211–225
Proposition 5.1. Every graph G can be embedded as an induced subgraph in a graph
H where c(H)= 0.
Proof. If diam(G)¿3, let x; y; z; w be a geodesic in G and form graph H by adding
a new vertex u to G and joining u to every vertex in G, so that H =K1 +G. Clearly
diam(H)= 2 and G is an induced subgraph of H . Now consider the result of con-
tracting the various types of edges in H . If e= ux then dH=e(y; w)= 2, if e= uw then
dH=e(x; z)= 2, and if e= uy or e= uz then dH=e(x; w)= 2. Finally, if e= ab where
a; b =∈{x; y; z; w} then dH=e(x; w)= 2. Therefore, diam(H=e)= diam(H) for all e∈H ,
that is, c(H)= 0.
If diam(G)¡3, let x be any vertex of G and begin by attaching a pendant path of
length three at x to form a graph G∗. Label this path x; y; z; w. Clearly diam(G∗)¿3
and G is an induced subgraph of G∗. Thus, by the previous argument, G∗ is an induced
subgraph of H =K1+G∗, diam(H)= 2 and diam(H=e)= diam(H) for all e∈H . Hence
c(H)= 0.
A graph G is self-centered if every vertex of G is in the center. A self-complementary
graph G is a graph that is isomorphic to its complement IG. It is well-known that
the order p of a self-complementary graph satisBes p=4n or p=4n + 1 (since
|E(G)|=(1=2)(p(p − 1)=2) and |E(G)| must be an integer), and that the diameter
of a nontrivial self-complementary graph is 2 or 3 (see [1, p. 23]). When the diameter
is two, we have the following.
Proposition 5.2. If G is a self-complementary graph of diameter two, then c(G)= 0.
Proof. First, note that G is self-centered, because if not, then G would contain a vertex
v such that e(v)= 1. But then v would be isolated in IG, contradicting diam(G)= diam
( IG)= 2.
Contracting an edge not on a diametral path will not aJect the diameter. Thus,
consider only edges e on a diametral path. Let P= u; v; x be a diametral path in G, and
without loss of generality, let e= uv. We must show that contracting edge e does not
alter the diameter. Suppose not, that is, suppose that d(G=e)= 1. Then G=e is complete,
which implies that the vertices of V (G)− {u; v} are mutually adjacent and each such
vertex is adjacent to u or v. No vertex w can be adjacent to both u and v or else
w would be isolated in IG, contradicting diam(G)= diam( IG)= 2. A largest set S of
mutually non-adjacent vertices in IG has cardinality two and must include one of u or
v. In IG, S is a largest set of mutually adjacent vertices. Then, since G= IG, a largest
set of mutually adjacent vertices in G also has cardinality two. So |V (G)−{u; v}|=2,
and G must be C4, which contradicts G= IG. Thus, d(G=e)= 1 cannot hold. Since e
was arbitrary, no edge of G alters the diameter of G, that is, c(G)= 0.
Proposition 5.3. If G is self-centered and each vertex of G has at least two eccentric
vertices, then c(G)= 0.
Proof. Let u be any vertex of self-centered graph G. Since u has at least two eccentric
vertices u′ and u′′, at least two diametral paths begin at u, one ending at u′ and another
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ending at u′′. Contracting an edge incident with either u′ and u′′ does not alter the
diameter of G. Also, since G is self-centered, every vertex is eccentric so each edge is
incident with an eccentric vertex. Thus, contracting any edge of G does not alter the
diameter of G, that is, c(G)= 0.
Note that each vertex having at least two eccentric vertices is not, by itself, suGcient
to ensure that c(G)= 0. For example, in G= IK2 + K1 + K1 + IK2, each vertex has two
eccentric vertices, but c(G)= 1 not 0. Thus the condition that G is self-centered in
Proposition 5.3 is indeed necessary.
In a unique eccentric point graph, each vertex v has precisely one eccentric vertex.
These graphs were studied by Parthasarathy and Nandakumar [9]. It follows from the
proof of Proposition 5.3 that if instead G were a self-centered unique eccentric point
graph, then the contraction of any edge would in fact alter the diameter of G. Thus
we have the following.
Corollary 5.4. If G is a self-centered, unique eccentric point graph, then c(G)= q.
Proposition 5.5. If G is a graph of order p¿5 with diameter two such that deg(e)6
p− 3 for all edges e in G, then c(G)= 0.
Proof. If G has order p¿5, diam(G)= 2, and deg(e)6p − 3 for all edges e in
G, then for any e= uv, deg(u) + deg(v) − 26p − 3. So deg(u) + deg(v)6p − 1.
Thus, for some vertex w = u; v in G, w is adjacent to neither u nor v. Hence, w is
not adjacent to the vertex corresponding to the contracted edge e= uv in G=e. Thus
diam(G=e)= 2, and since e was arbitrary, diam(G=e)= diam(G) for all edges in G,
that is, c(G)= 0.
In Section 4, we were able to characterize graphs of diameter at most three for
which c(G)= q. The general result for graphs with unrestricted diameter remains elu-
sive. For trees, however, the situation is clearer. First, we need some preliminary
results.
Lemma 5.6. In a connected graph G, a bridge e is essential if and only if e is on
every diametral path.
Proof. If e is essential, then diam(G=e)¡diam(G), so contracting e decreases the
diameter. Since e is also a bridge, each diametral path P must have one endvertex
in one component of G − e while the other endvertex is in the other component of
G − e. Thus, there is no diametral path that avoids e, that is, e is on every diametral
path. The converse is obvious since contracting a bridge e that is on every diametral
will decrease the length of each of those paths. So diam(G=e)¡diam(G), that is e is
essential.
Since every edge of a tree is a bridge, and a tree is connected we have the
following.
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Corollary 5.7. In a tree T, edge e is essential if and only if e is on every diametral
path.
A radial path in a graph G is geodesic that joins a central vertex of G to one of
its eccentric vertices, that is, it is a geodesic of length r(G) with a central vertex as
an endvertex.
Theorem 5.8. For any tree T, c(T )= 0 if and only if the following conditions hold:
(1) The center C(T ) consists of a single vertex v, and
(2) There exist at least 3 disjoint paths v− v′; v− v′′, and v− v′′′, where v′; v′′, and
v′′′ are eccentric vertices of the central vertex v.
Proof. (⇒) Since there is a unique path joining a given pair of vertices in a tree, all
central vertices of T appear on every diametral path. By a well-known result of Jordan
[6], the center of a tree consists of either a single vertex or a pair of adjacent vertices.
In the latter case, both central vertices and therefore the edge e joining them must
be on every diametral path. But Corollary 5.7 would then imply that e is essential,
contradicting c(T )= 0. Hence, the center must consist of a single vertex, so (1) holds.
When there is a single central vertex v in a tree, diam(T )= 2 rad(T ) and each radial
path emanating from v is half of a diametral path. Hence, if there are radial paths
beginning with only two edges e1 and e2 emanating from v, then e1 is on every
diametral path in T so e1 is essential, contradicting c(T )= 0. Thus there must be
radial paths emanating from three distinct edges at v, so (2) holds.
(⇐) If (1) and (2) hold, then contracting any edge e can eJect the length of at most
one of the three disjoint paths joining the central vertex v to v′; v′′, and v′′′. Without
loss of generality, suppose that contraction of e decreases the length of the path from
v to v′. Then in T=e, we still have dT=e(v′′; v′′′)= diam(T ). So diam(T=e)= diam(T ),
therefore c(T )= 0.
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